A formula is given for the number of genera of even lattices with rank n , signature 5 , and discriminant (-l)("~sM2d2D , when dD is odd and square-free. In the indefinite case, an orthogonal splitting of these lattices into simple components is also determined.
Introduction
Let L be a Z-lattice on a regular quadratic space V of finite dimension n > 4 with associated symmetric bilinear form f:VxV->Q.
Assume, for convenience, that f(L ,L) -Z and the signature s = sigL is nonnegative. Let xx, ... ,xn be a Z-basis for L and put dL = detf(xj,xj), the discriminant of the lattice. The lattice is called even if f(x, x) e 2Z for all x e L (otherwise L is odd). In this note we will only consider nonunimodular even lattices L with odd cube-free discriminant; thus dL = A where A = (-l)(n_j)' d D with dD > 1 square-free and odd. By Chang [2; Satz 2], L exists if and only if n is even and D s (-l)í/'2 mod 4 (note that Chang includes an extra factor (-1) in the discriminant); in particular, if L exists, j must be even, and also divisible by 4 when D = 1 mod 4. Denote by G(n,s,A) the number of genera of even lattices with even rank«, (compatible) signature í , and discriminant A. For general discriminants, the local invariants can be very complicated, especially for p = 2, and a simple formula for the number of genera is unlikely. However, in our case (see Theo-
where e and / are the number of primes dividing d and D, respectively. When L is indefinite, under our assumptions, the class and genus coincide. Then L can be decomposed into an orthogonal sum of simpler components using hyperbolic planes, even definite unimodular lattices of rank 8, and a component of small rank (Theorem 4 and the following remarks).
Local structure and genera
The local structure of quadratic forms and lattices is well understood (see [1] and [7] ). In general, we follow the notation in O'Meara [7] . Since dD is odd and L is even, there will be no trouble with the prime 2. When D = (-1) mod 8, the localization L2 must be an orthogonal sum of hyperbolic planes 77; thus the Hasse symbol S2V = (_i)"("+2)/8. when D = However, we must first establish an existence result for the various possible integral lattices. Theorem 1. Let n be even and 0 < s < n with D = (-1) mod 4. Partition the primes dividing d into three disjoint sets P, Q, and R, and partition the primes dividing D into two disjoint sets S and T, with r = \R\, t = \T\, and r + t = c mod 2. For each p £ P specify a local unit e . Then there exists a space V and an even lattice M on V with dim V = n, sigM = s, and dM = A = (-l){n~s),2d2D. Moreover, In general, not all genera counted in G(n ,s,A) will lie on the same quadratic space. Let GK(A) denote the number of genera on the specific space V . [ 0 otherwise. Proof. As observed earlier, V cannot support an even lattice L with dL -A = (-l){"~s),2d2D unless S2V = (-l)b+n{n+2),s and r+t = cmod2. Then V has the same invariants (namely, n , s, discriminant, and Hasse symbols) as one of the spaces constructed in Theorem 1, and hence V supports the corresponding even lattice M. Since V is given, the r + t odd primes where S' V = -1 are fixed; that is, 7?, S, and T are fixed. However, the remaining e -r primes dividing d can be partitioned into P and Q in many ways, and for each p in P there are two choices for the square class of the unit ep . It follows that ma)=£ ( vy=3* Remark. In the indefinite case, where \s\ < n, the class and genus of L coincide under our assumptions on A (by Kneser [6] or O'Meara [7] ), and hence Theorem 3 also determines the number of classes of even lattices.
Indefinite lattices
Now assume the underlying space V is indefinite so that the class and genus of L coincide. Let 77 denote a hyperbolic plane and 7sg the even definite unimodular lattice of rank 8. where the number of 7sg 's is chosen to make sigTV = sigL, and then the number of hyperbolic planes 77 to make rank TV = n . Therefore, TV and L are isometric at all primes and TV lies in the genus of L. Hence TV and L are isometric. When 5 = 0, construct M4 as before but with signature 0. If the Witt index of V is at least 2, then we can arrange that Mm has rank 4 and signature 0 or 4. This follows, since 77 _L H 1 M% must now represent E% locally at all primes and hence also globally. Thus
1 1 Mt = Es 1 M4
where M4 has signature 0. This proves Theorem 4.
Remarks. The values for m in Theorem 4 cannot, in general, be improved (use Theorem 1). There is an analogue of Theorem 4 when D = 3 mod 4 with m = 4 or 6 (and m = 2 or 4 when the Witt index is at least 3 ). These are sharper forms of more general results on orthogonal splitting given earlier by Watson [8] and Gerstein [3, 4] . We have established similar results for integral quadratic forms with square-free discriminant in [5] (however, the proof is different and does not use an analogue of Theorem 1). Also, if L is an odd indefinite lattice with rankL > 3 and dL = ±d2D, then L = (±1, ... ,±l) ± Mm with m < 3 (with 3 best possible, in general). This can be proved by slightly modifying the argument of Theorem 1 in [5] .
Proposition. Let Mm be an even lattice on the m-dimensional space W with signature s'. Assume dMm -d2D, D = 1 mod 4d, and S' W = 1 for all primes dividing d. Then Proof. This follows using Theorem 4 and the proposition (since r = 0 so that spv = i).
Remark. Applying Theorem 3 to the situation in Theorem 5 gives G(n,s,A) = 2 + (-1)
. Hence L is uniquely determined by n, s, and p when s = 4 mod 8. When 5 = 0 mod 8 there are three possible L for each (compatible) n, s, and p; these correspond to B(p,a) with a -0, and (j) = 1 or -1 (and hence the square class of a modp is an invariant for L). --1 and there is an orthogonal splitting TV = Zw 1 M4. Since d = 3 mod 4, all the coefficients of w are odd. Hence any x in M4 has f(x ,x) £2Z. Thus M4 is an even definite lattice with rank 4 and discriminant d . A symmetric matrix representation for M4 can be easily obtained. In particular, if d = p = 3 mod 4 is prime, this M4 can be used in Theorem 5. The construction of M4 is more complicated when p = 1 mod 4 since then the odd lattice M4 _L (-1) does not diagonalize (compute S V).
